Abstract. A system of two coupled pendula is an example of a Hamiltonian system with two degrees of freedom. Rott considered such a system in the presence of 1:2 resonance and observed a phase-locking phenomenon. In this paper this phenomenon is explained by means of Duistermaat's method of bringing a Hamiltonian system with two degrees of freedom into standard form. His theory is based on Mather's theory of stability of differentiable mappings. A transparent geometrical picture is obtained in the phase space. In particular, a criterion of the phase-locking phenomenon is provided based on this picture.
1. Introduction. We consider the system consisting of two coupled pendula, shown in Fig. 1 . The quadratic part of its Hamiltonian is given by (1) When the eigenfrequencies are commensurable or close to being so, a transfer of energy between the two pendula may be observed, see [1] , [3] , [10] . Rott [1] considered the system for the special case, 2A1 A2 0, and he pointed out the effect of vanishing phase drift or phase locking. But since his explanation relied on asymptotic analysis, the dependence of the phase drift of a solution on the initial conditions remained unclear. In this paper we give a geometrical explanation of this phenomenon based on Duistermaat's work [2] .
For the reader's convenience we briefly recall the main steps of his method. 1 . By the Birkhoff normal form theorem (see [4] , [5] , [8] ), in the .vicinity of a resonance, there exists a symplectic transformation which takes the Hamiltonian to the form H Hk + o(Ixlk), where Hk has only resonant terms, i.e., those that are constant on the solutions of the linearized system in resonance. In our case the quadratic part of the Hamiltonian of this system is given by (1) , where /1 1 and A2-" 2.
2. The qualitative picture of the integral surfaces of H turns out to be determined by those of H4 under some nondegeneracy condition. This will follow from Mather's theory of stability of differential mappings [11] ; see [2] for more references.
We apply Duistermaat' s results to give a transparent geometrical picture in the phase space of the behavior of the system considered by Rott and to obtain the explicit formulae for the relative measure of phase-locked solutions. In particular, this picture shows which solutions are phase locked and which are not, and why.
2. The equations of motion and the normal form reduction. Consider the system of coupled pendula whose pivots are horizontally aligned in equilibrium there is a diffeomorphism in a neighborhood of the equilibrium point which maps fibers to fibers. The stability of fibration is important because considering the qualitative behavior, we can neglect higher-order resonant terms in the Hamiltonian in normal form. The stability problem is solved in the second step of Duistermaat's procedure, which will be described next.
In phase space, the flow of the truncated Hamiltonian in normal form H leaves invariant the fibers of the mapping (I) /4 ___+ _]2, given by the level sets of integrals (9) Solving the equation dF(z) kdI(z) on each hypersurface I constant, we obtain up to three critical circles: one is the normal mode rl 0 (it persists under this circle-invariant perturbation), while the other two are given by (14) cos ( 
5r (b-2a)rr + (c-2b)r +/--(r2 -4r).
They are different from the normal mode rz 0. These solutions are the relative equilibria.
To obtain the bifurcation diagram we consider Poincar mapping of the section 1 0 of the invariant hypersurface I constant onto itself induced by the phase flow; see Fig. 2 (a) and [7] . This (13) with the section. By putting 1 0 in (13) and denoting the left part of (13) by f, we obtain a single-valued function on this section whose level lines are invariant curves of Poincar mapping: (6) f #r + r2(I-2r)(Ar2 + cos (2) 
In the regions 2-4 (see Fig. 2 ) the disk r is divided into two domains by the curve (17). In this case the surviving normal mode is hyperbolic and (17) represents its 2-dimensional homoclinic surface. Since f assumes the same value on the boundaries of the domains, each of the domains contains one critical point. They are elliptic, for if t least one of them were hyperbolic, there would be more critical points, which is nog true. These critical points correspond to periodic orbits different from normal modes. In region 1 there is no homoclinic surface; consequently, there is only one periodic orbit different from the surviving normal mode. Both periodic orbits are elliptic. The foliation of Poincar section by invariant curves gives necessary information about phase drift. Indeed, the invariant curves in Poincar5 section which do not contain the center of the disk (see Fig. 2(a) represented by two linked circles (see Fig. 3 ). , we get the phase portraits on S. They can be obtained from those on Fig. 2(a) by identifying the boundary of the disk as one point. 4 . The dynamics of the original system. The reduced phase portrait on the section 0 is drawn in the Cartesian coordinates, Q,P. Assuming that O() nd using (4) nd (5), we obtain 0 oi/ + o(), Therefore the phase points on the section 0 correspond to the states of the system in which the first pendulum has the positive angle with the vertical direction and is at rest. The time it takes the system to return to this state is close to the period of the linearized system. During this time the system behaves the same as the linearized one up to the error of order I.
The Cartesian coordinates Q, [4 on the Poincard section show the angular velocity and the angle of the second pendulum after some rescaling in the vertical and horizontal directions np to an error of order I. This approximation is valid for the exponentially long time. Therefore the invariant curves in Fig. 2 
